The current practice of gear design is based on the Lewis bending and Hertzian contact models. The former provides the maximum stress on the gear base, while the latter calculates the contact pressure at the contact point between the gear and pinion. Both calculations are obtained at the reference configuration with ideal conditions; i.e., no tolerances and clearances. The first purpose of this paper is to compare these two analytical models with the numerical results, in particular, using finite element analysis. It turns out that the estimations from the two analytical equations are closely matched with those of the numerical analysis. The numerical analysis also yields the variation of contact pressures and bending stresses according to the change in the relative position between gear and pinion. It has been shown that both the maximum bending stress and contact pressure occur at non-reference configurations, which should be considered in the calculation of a safety factor. In reality, the pinion-gear assembly is under the tolerance of each part and clearance between the parts. The second purpose of this report is to estimate the effect of these uncertain parameters on the maximum bending stress and contact pressure. For the case of the selected gear-pinion assembly, it turns out that due to a 0.57% increase of clearance, the maximum bending stress is increased by 4.4%. Due to a 0.57% increase of clearance, the maximum contact pressure is increased by 17.9%.
INTRODUCTION
A gear is one of the most common mechanisms that transfer power from one machine to the other. From the design viewpoint, fatigue strength and wear are the most important criteria because each gear tooth may experience billions of load cycles. Thus, the gear design tends to incorporate a large safety margin and is usually over-conservative. For space applications, however, the weight of the system is an important constraint, and accordingly, much research has been carried out to reduce the system weight. For example, a deployable space structure such as the hoop-truss reflector in Harris corp., has more than a hundred gear-pinion pairs [1] . In such a case, a small weight reduction for each gear can reduce a significant amount of the total system weight. On the other hand, a small reduction in gear stress can cause significant change in expected fatigue life. For the case of mild steel, a 10% reduction in stress range can cause about a 50% change in fatigue life [2] . Thus, it is critically important to calculate stress accurately in gears. The objective of this paper is to evaluate the accuracy of the traditional, code-based gear design using computer-aided engineering tools and then evaluate the margin of safety under uncertainties that can happen during operating conditions. By providing for and designing gear trains that account for these uncertainties, a more accurate and predictable product can be produced.
The design of gear strength is based on two models: bending stress and contact stress models. The former is related to the stress at the gear base, while the latter is related to the wear at the contact surface. The bending equation was introduced by Wilfred Lewis in 1892. Since then, this equation has remained the standard for gear design [2, 3] . Lewis calculated stress in the gear base using a cantilevered beam under an applied bending moment. By using this simple model, an accurate bending stress could be determined [2] . This calculation assumes that the load is applied at the location of the pitch radius (i.e., reference configuration) [4] . In practice, however, contact between the gear and pinion occurs at various locations during the rotation.
Depending on the relative location between the gear and pinion, the magnitude and angle of the applied load may vary, affecting the bending stress at the base. This topic is extensively studied in this paper to illustrate the correlation that a numerical analysis can provide.
In addition to the bending equation, Heinrich Hertz was working on the spur gear problem around the year 1895. He developed an expression for the surface contact stress based on the maximum contact pressure between two cylinders [5] . He realized that the tooth profiles of the gear and pinion were similar to the convex shape of two cylinders in contact. By applying the necessary geometrical conditions of a spur gear to his model based on two cylinders in contact, a method for calculating the maximum contact stress of a spur gear was formulated [2] . In practice, however, the tooth profile is not a perfect cylinder, and the deflection of the tooth makes the contact condition non-Hertzian. A numerical analysis will be introduced for the comparison of the Hertzian contact stress to validate the results.
The current trend of gear design has begun to focus on innovative methods to design gears which are capable of handling higher loads [6] . Although the involute gear discussed in this paper is one of the most widely used gears in the industry, a number of other gear types exist which have recently come into use. A cycloidal gear profile offers a distinct advantage in terms of efficiency, but lacks the necessary load carrying capabilities [6] . Another design implements a gear profile based on a circular arc. These gears are capable of transmitting higher loads between gears but are very sensitive to manufacturing errors [6] . The deviation function has been introduced into the gear design industry to alleviate both the contact pressure and bending stresses in the gear teeth by modifying the surface profile [6] . This method analytically solves for the amount of sliding between contact points due to tooth profile modification. The amount of deviation from the pure rolling design can be incorporated into the function in order to design a new profile which reduces the amount of sliding.
In addition to the deviation function method for gear design, the optimization of existing designs has also been studied [7] . Several design variables which can be optimized to reduce both the contact pressure and bending stresses include the center distance, face width and pressure angle [7, 8] . By minimizing the amount of noise produced by gears in mesh, the authors were able to consider millions of designs that could potentially lead to a quieter, more efficient gear set [8] . Another optimization approach attempts to reduce the bending stress at the base of the gear tooth by optimizing the fillet radius in conjunction with finite element analysis [8] . By extending the limitations of the bending equation with the addition of FEA, along with fillet optimization, a reduction of bending stress on the order of 10-30% was realized [8] .
The bending and contact stress models have typically been utilized at the reference configuration and ideal conditions of the spur gear model [9] . All tolerances in assembly and manufacture were assumed to be zero. This becomes a significant issue especially for space applications in which the gearbox is not stiff. In the application of these gears to realworld circumstances, this assumption cannot be valid. The common thread which unites all of these developing designs is the attempt to reduce the contact pressure and bending stress while maintaining a high level of efficiency. Thus, the pressure falls upon the manufacturer to produce gears that maintain a high level of accuracy in order to maintain the geometric constraints imposed by the designer. This paper studies the detrimental effects that manufacturing errors can have on both the contact pressure and bending stress. Certain manufacturing and assembly errors will always exist, which will unavoidably lead to errors in static and dynamic behavior [10] . In this paper, the contribution of assembly errors to static behavior of the gear model will be discussed. Specifically, the influence of the relative position between the gear and pinion and resulting effect on maximum bending stress and contact pressure will be analyzed.
ANALYTICAL METHODS OF GEAR DESIGN

Bending Stress at the Base
Lewis considered the tooth as a cantilevered beam and calculated the maximum stress at the root [2] . Although the ratio between the length and thickness is small, this approximation provides a reasonable estimate of the maximum stress, along with the stress concentration factor. Consider a cantilevered beam with length L, thickness t, and width w. When a contact force F is applied at the tip, the maximum bending stress of the beam can be found as bending 2
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The above formula is for a beam with a rectangular crosssection under an applied tip load. Although this serves as a good basis for gear design, the geometric effect of the gear and appropriate loading must be introduced. Consider a spur gear tooth in Figure 1 . A horizontal force is applied at the location of the pitch radius. For the given loading condition, the maximum stress occurs at point a. By using similarity of two triangles in Figure 1 , the following relation can be obtained:
Using Eq. (2), Eq. (1) can be rearranged as
The above equation can be further simplified by introducing a variable y = 2x/3p with p being the circular pitch. Then, the bending stress can be written as 
Equation (4) has been the basis for the conventional gear design. In 1988, the American Gear Manufacturers Association (AGMA) has developed a formula for the bending stress which includes the effects of stress concentrations, such as fillet radius [11] . Since most gears experience millions of cycles, these stress concentrations will lead to a higher overall stress value, causing the fatigue life of the gear to decrease. The AGMA has provided the following equations to incorporate the stress concentration factor into the gear bending stress:
Equation (5) solves for the fillet stress concentration factor by using the three constants k 1 , k 2 , and k 3 , which were developed by Dolan and Broghamer [12] . In Eq. (5), x and y give the location of the maximum stress on the fillet radius. The determination of these values is an iterative process along with the gear bending equation to maximize the bending stress within the allowable range. In addition, r f is the fillet radius of curvature and x D is the point where the normal of the profile angle intersects the tooth center-line. Once the stress concentration factor is calculated, the maximum bending stress is given as 
where m is the gear module, w the load intensity, and  w the angle between involute tangent and the tooth center-line at the load point. The maximum value of bending stress can be obtained by evaluating Eq. (6) along the entire length of the fillet radius. This approach is considered to be the most accurate because it accounts for the higher stresses that are invariable from the change in radius of the involute curve to the base of the gear [12] . This maximum value will be compared with the finite element analysis for validation purpose.
Contact Stress
In addition to the bending stress at the base, the contact stress is an important design criterion. Hertz observed that two curved surfaces in contact can be modeled by two cylinders that are pressed together, creating a contact pressure [2] . The Hertzian contact stress was developed by utilizing the maximum pressure on the surface of two cylinders that are in contact. By a similar derivation as in the bending equation, the maximum contact pressure of two cylinders can be modified to introduce the geometry of the gear and pinion teeth in contact. When this geometry is introduced, the Hertzian contact stress is calculated as: and EE are the elastic moduli of pinion and gear. Although the contact stress in Eq. (7) provides a reasonable estimate of contact stress on the gear, two different aspects of practical gear contact must be considered. First, the involute curve of the gear is not an exact cylinder, and the effect of neighboring non-cylindrical regions deviates the results from Hertzian contact conditions. In addition, when applied to a spur gear, the Hertzian contact stress assumes that the gear and pinion will be "perfectly" in contact. This means that the pitch radius point of the spur gear is in contact with that of the pinion. In practice, due to tolerances in manufacturing and clearance in assembly, the contact may not occur at the pitch radius location, which will be referred to as a non-ideal condition. Because of these assumptions, errors in the computation of safety factors can easily manifest themselves in assembly error [13] .
NUMERICAL ANALYSIS USING NONLINEAR FINITE ELEMENT METHOD
The Lewis bending equation provides a reasonable estimate of the bending stress at the root of the gear tooth for many different gear dimensions and designs. Because of its simplicity and accuracy, the method remains popular to this day. However, with the advent of modern numerical analysis tools, the design
and evaluation of engineering concepts and devices can be explored more readily. In this paper, we use a finite element analysis program, ANSYS, to evaluate the accuracy of the two analytical models for gear design. The advantage of using finite element analysis software is that it can accurately consider the effect of detailed geometry, as well as complex loading conditions. Especially, it allows us to calculate the bending stress and contact pressure during the rotation of gears. In addition, it also allows us to calculate these two criteria under non-ideal conditions. ANSYS Parametric Design Language (APDL) is used to create the gear and pinion model, apply contact and boundary conditions, control nonlinear solution sequence, and extract required analysis results. The code that was developed for this problem is separated into four different files, each of which serves its own purpose in defining parameters, creating the model, performing analysis, and extracting analysis results. The first file defines all variables that are required in constructing the gear geometries, material properties, finite elements mesh sizes, and applied loading conditions. Since all construction processes are parameterized, different gear assemblies can be constructed by modifying parameters in this file. Table 1 shows the required parameters and their values used in the numerical study. The second file consists of APDL commands that build a two-dimensional solid model including involute curves and generate finite elements (PLANE182 elements in ANSYS) using the automatic mesh generation functionality. Only three teeth are modeled because of periodic symmetry, which will significantly reduce the computational costs required to perform nonlinear finite element analysis of the model. This process is repeated for both the pinion and gear. Contact between the gear and pinion is established by defining contact elements on the edge of the gear teeth and target elements on the edge of the pinion teeth. Since contact pressures can only be calculated on the contact elements, the same procedure is repeated with contact elements on the pinion teeth and target elements on the gear teeth. Since initially the gear and pinion are not in contact, it can cause singularity if a torque is applied to the pinion. In order to prevent singularity, the pinion is rotated until it makes initial contact with the gear. The shaft portion is modeled using rigid elements that connect the gear inner surface to the node at the center of rotation. Both the gear and pinion are pinned at the center, but are allowed to rotate. Figure 2 illustrates the gear geometry that was created in ANSYS.
The third file is also an APDL program that controls nonlinear finite element analysis. It includes convergence criteria, automatic load stepping controls, and output request. The solution procedure consists of two steps. First, the torque at the center of the pinion is gradually increased until it reaches the full magnitude, while the center of gear is fixed to rotate. Next, the gear is rotated over a prescribed angle while the torque is held constant. The second step is divided by twenty increments so that smooth variation of stress and pressure can be obtained. Only the results from the second step are used for calculating bending stress and contact pressure. The fourth file performs postprocessing, which extracts deformed shapes, bending stresses, and contact pressures at each increment.
COMPARISON OF ANALYTICAL AND NUMERICAL RESULTS
In this section, the results from analytical methods (Section 2) and numerical methods (Section 3) are compared. In order to calculate analytical bending stress, it is necessary to calculate AGMA parameters in Eqs. (5) and (6) corresponding to the gear geometric parameters in Table 1 , which are presented in Table 2 . Then, the maximum bending stress calculated using the AGMA method and finite element analysis are compared in Table 3 . It is important to note that in AGMA bending stress calculation, the location (x, y) that maximizes bending stress needs to be found by iteratively evaluating bending stress along the fillet radius. As most failures occur through tension in the gear [12] , sampling points are chosen from the tension side of the fillet radius. Although the AGMA model and FEA calculation of the bending stress are close (0.7% difference), there is significant difference in the results. The AGMA model assumes that the applied torque is supported by a single tooth, whereas the FEA model shows that in most cases, either two or three teeth are in contact simultaneously, called a load sharing phenomenon. Especially when the bending stress is maximal, the load sharing ratio between two teeth is about 7:3. Thus, if the load sharing situation is considered, the AGMA model underestimates the bending stress by about 44%. Possible reasons for such a large difference are (1) the analytical model only considers bending stress, while the numerical model considers bending, shear, and axial stresses all together, (2) the contact force is not tangent to the pitch circle but perpendicular to the involute curve, and (3) the gear tooth is too short to be considered as a slender beam. One of the advantages in finite element analysis is that the bending stress can be calculated at various rotational angles of the gear. Figure 3 shows the tensile and compressive bending stresses at the base of gear tooth as a function of rotational angles. It can be found that as the tooth rotates, the bending stress gradually increases and maintains almost a constant value for about ten degrees. At around eight degrees of rotation, the bending stress in both tension and compression drops significantly. This is due to three teeth being in contact simultaneously. Up until the point where the bending stress decreases, there are only two teeth in contact. For a few degrees of rotation, there are three teeth in contact, which reduces the bending stress by as much as 11%. Once the gear rotates further and only two teeth are in contact, the bending stress increases. This load sharing will be an important phenomenon when nonideal conditions are introduced. For analytical calculation of contact pressure, Table 4 shows the Hertzian equation parameters corresponding to the gear geometric parameters in Table 1 . Unlike the maximum bending stress, comparison in contact pressure is more complicated. First, the maximum bending stress occurs at a fixed location; the magnitude varies according to the rotation of the gear. However, the location of maximum contact pressure moves according to the rotation of the gear. In addition, it strongly depends on finite element discretization. Thus, it requires fine mesh along the contact surface (see Figure 2) . Since the contact pressure is a local quantity, its value rapidly varies according to the rotation of the gear. Thus, instead of monitoring the maximum contact pressure at each rotation angle, the node that has the overall maximum contact pressure throughout the entire rotation of the gear is found first, and then, the variation of the contact pressure at that node is plotted as a function of the rotation of the gear. Because the finite element model is discrete and the contact pressure is calculated at nodes, non-zero contact stress values for a given node only occur for a few rotation angles. Figure 4 show this variation of contact pressure at the node that has overall maximum pressure (Node 341) and at the adjacent two nodes. These nodes are located near the tip of the tooth. Table 5 compares the contact pressure from Hertzian equation with that of finite element analysis. The difference of the contact pressure at the pitch radius location is about 4%. It is by accident that the Hertzian contact pressure at pitch circle location is close to the maximum contact pressure, which occurs at the different location. In terms of contact pressure at the pitch circle location, the difference is about 32%. The Hertzian model overestimates the contact pressure. Possible reason for such a large difference may be that the tooth profile is not cylindrical.
The most significant aspect of the contact pressure plot is the high magnitude of stress that can develop in the spur gear. These high levels of stress are only present for a small range of rotational angles. Over time, the oscillatory effect of these values can cause pitting and erosion due to fatigue stress [2] . Furthermore, if these values are increased over any portion of the gear or pinion, the amount of wear will increase. This increase in contact stress will be further investigated in the following section. 
NON-IDEAL LOADING CONDITIONS
With any mechanical assembly, there are tolerances and clearances which are applied to each part of the assembly. As the different parts are assembled, these tolerances can interact to affect how the total tolerances of the entire assembly are maintained. In addition, the flexibility of the gearbox can cause misalignment of axes. These can cause gaps, misalignments, slips, twists, etc, which are referred to as non-ideal conditions in this paper. For a spur gear and pinion idealized into a two dimensional system, there are a limited amount of non-ideal conditions which can be considered. The type of non-ideal condition that will be discussed is the amount of axial separation between the gear and pinion. Due to the tolerances in the shafts of the gear and pinion, the axial separation between the two can vary by as much as 0.02" if the tolerance on the gear and pinion shafts is within 0.01" [14] . The effect that this separation on the bending stress and contact pressure will be evaluated.
As the distance between the gear and pinion is increased, the bending stress and contact pressure will increase due to the elongated moment arm. At nominal or ideal conditions, the separation between the gear and pinion should be 88.9mm. Due to the tolerance stack up, the amount of separation can vary as much as 0.02" or 0.508mm. The effect of axial separation on the bending stress is illustrated in Figure 5 . The axial separation is first increased by 0.01" and then by 0.02". The effect of load sharing by three teeth almost disappears at a clearance of 0.01". When the clearance is 0.02", the bending stress has increased in both tension and compression over the majority of the plot. The maximum stress increases about 5% over the nominal configuration (see Table 6 for numerical values). An important aspect of this plot is how the increase in the axial separation changes the load sharing capability of the gear and pinion. Instead of the bending stress decreasing due to three teeth being in contact, the bending stress increases. The increase in axial separation eliminates the three teeth in contact, and the bending stress rises due to the higher load on the pinion tooth. Once contact on the third pinion tooth is encountered, the bending stress finally begins to decrease. The difference in values at this critical point can be as much as a 42% increase in the bending stress. In addition, the maximum value of bending stress occurs at different locations. In ideal conditions, the maximum occurs at fifteen degrees of rotation, which corresponds to contact at the pitch radius location. On the other hand, in the case of 0.02" separation, the maximum stress occurs at eight degrees of rotation, which corresponds to the lack of load sharing point. This data implies that as normal tolerances and assembly practices are utilized, the tolerance stack up can very easily lead to the type of situation shown above. This effect will be amplified when the gearbox is not stiff enough such that its deformation is not ignorable. This increase in the bending stress will cause more wear and fatigue on the root of the gear. Over time, an increase in these parameters will cause the gear to fail before its intended lifetime. Next, a similar approach is taken for the contact stress between the gear and pinion. For this contact stress analysis, three nodes were chosen along the contact profile of the gear and pinion; their locations corresponded to the pitch circle of the pinion. This is necessary because the contact point moves along with the rotation of the gear as well as the axial separation. Figure 6 plots the variations of contact pressures for these three nodes at the nominal and non-ideal conditions. The first portion of this plot contains the baseline values for the nominal clearance. Next, the axial separation was increased by 0.02", and resulting contact pressures were plotted. For each of the three nodes, the contact stress increased. The maximum increase occurred at the first node and was found to be 17.9% greater, as shown in Table 7 . Figure 5: Variation of Contact stress with increasing axial separation Due to this increase, engineers must take into account the effect that the axial separation has on the contact stress. It has been shown that the amount of wear is directly proportional to the contact pressure [15] . If certain areas of the gear and pinion experience higher contact stress levels, the wear will increase. Over billions of cycles, the increase in contact stress will become significant enough to increase the wear past what is predicted to be within the safety factors. This wear will ultimately cause the destruction of the gear train.
UNCERTAINTY ANALYSIS USING SURROGATE MODELS
Thus far, the spur gear analysis has assumed that the only parameter which varies is the axial separation between gear and pinion. By increasing or decreasing this separation the response of the gear, bending and contact stresses will change. In practice, there are many other parameters that could also affect the stresses, including Young's modulus, applied torque, accuracy of tooth shape, etc. In order to predict bending and contact stress more accurately, the effect of these parameters need to be considered. However, these parameters are, by nature, uncertain due to variability of material properties, tolerances in manufacturing, and the random nature of applied torques. In such a case, it is more appropriate to perform uncertainty analysis and evaluate the reliability of gear assembly in terms of probability of failure, rather than the maximum values of stresses. In this section, uncertainty analysis will be performed for the bending and contact stress.
Input Uncertainty Quantification
In order to calculate the uncertainty of stresses, it is first necessary to estimate the uncertainties in input parameters. Among many parameters that can affect the uncertainty of stresses, three parameters that can affect the stress the most are chosen: Young's modulus, axial separation, and applied torque. If probability distributions of these parameters are known, they can be used in uncertainty analysis. However, since accurate distributions are not available, they are assumed to be uniformly distributed within the ranges of typical engineering applications.
The purpose is to demonstrate the effect of uncertain input parameters on the bending and contact stresses.
The uncertainty in Young's modulus comes from variability in the manufacturing process. Although different processes may have different ranges of variability, it would be reasonable to choose the range to be 10% of its nominal value. For this analysis, Young's modulus may range from 186.12 to 227.48GPa. The applied torque depends on the power from motors and the gear ratio, and accordingly, its range is widely distributed. However, design of gears focuses on the maximum level of torques, which has a much smaller variation. The major sources of variability are transmission errors and wear of the gear teeth, which is assumed to be uniformly distributed in the rage of 5% of its maximum value. The torque may, therefore, range between 760 to 840Nm. Finally, the range of the axial separation is the same as for non-ideal loading conditions, from 88.9 to 89.408mm, based on tolerances.
Surrogate-Based Uncertainty Propagation
The uncertainties in input parameters propagate through governing equations (in this case, finite element analysis) and produce uncertainty in outputs (i.e., bending and contact stresses), which is called uncertainty propagation. There are many different methods for uncertainty propagation, including the Monte Carlo simulation (MCS, [16] ), the first-order reliability method (FORM, [16] ), the second-order reliability method (SORM, [16] ), the stochastic response surface method (SRSM, [17] ), the dimension reduction method (DRM, [18] ), etc. Except for MCS, all other methods approximate output using a simplified form in order to reduce computational costs.
In addition, some methods are accustomed to calculating the level of reliability but do not provide the entire probability distribution of the output. Thus, in this paper, MCS is utilized to evaluate the uncertainty distribution of bending and contact stresses. The challenge in MCS is computational costs because it requires numerous numbers of samples, and each sample requires solving nonlinear finite element analysis. In order to overcome the computational cost issue, a surrogate modeling technique [18] is used, which approximates the output as an explicit function of input parameters. Once this functional form is available, MCS can be performed on the surrogate model with numerous numbers of samples. An important issue in surrogate modeling is the accuracy of the model. The strategy that has been chosen in this paper is to build multiple surrogates and to select the best one in terms of various error measures.
The first step in surrogate modeling is the design of experiments. In this step, a number of samples of input parameters are selected, and finite element analyses are performed with these values of input parameters to evaluate the values of output. Then, the parameters of the surrogate model are calculated using the combinations of inputs and outputs by minimizing errors between outputs and predicted values from the surrogate model. Since two outputs (bending and contact stresses) are considered, two separate surrogate models need to be generated. As more sampling points are used, the surrogate model becomes more accurate. Since there are three input parameters, a total of twenty-eight samples are generated using the Latin Hypercube sampling method [18] , which means that the same number of finite element analyses are performed.
In this paper, the Surrogate Toolbox for MATLAB program [19] is used to generate five different surrogate models: Kriging (KRG), polynomial response surface of order 1 (PRS1), PRS of order 2 (PRS2), radial basis neural network (RBNN), and support vector regression (SVR). The same sampling data from the Latin Hypercube sampling are provided to all surrogate models. Table 8 shows the most common four error measures that are used to evaluate the accuracy of the five surrogate models for the maximum bending stress. Even if KRG is the best for R 2 values, this is due to the interpolating property of KRG. Among different error measures, PRESS RMS is the most reliable measure to estimate the error at non-sampling points. Thus, based on PRESS RMS , it can be concluded that PRS1 and PRS2 are better fits than the rest of other three surrogate models. Since the R 2 and R 2 adj values for these two surrogate models are close, it is difficult to select one over the other. In such a case, it would be better to select one based on t-statistics of coefficients. It is generally suggested that the t-statistics of coefficient must be greater than 2, in order to have robust values of coefficients. Table 9 shows t-statistics for the coefficients of PRS1 and PRS2. It is clear that the coefficients of PRS1 are much greater than 2 and thus, more stable. Thus, PRS1 is selected to be the best surrogate model for the maximum bending stress. Similar procedures are repeated for the contact stress. Based on error measures in Table 10 , PRS1 and PRS2 are again chosen as the best candidates according to PRESS RMS . Since the R 2 and R 2 adj values for PRS1 and PRS2 models are similar, the t-statistics of these two surrogate models are compared in Table  11 . Since the t-statistics values of most coefficients for PRS1 are lesser than 2, PRS2 is selected to be the best surrogate model for the maximum contact stress. 
CONCLUSIONS
A method to properly develop the gear and pinion geometries has been developed parametrically in ANSYS. With the help of this program, the implementation of many different geometrical configurations can easily be obtained. The finite element method is a good means to solve this problem for a spur gear model. By implementing the necessary parameters into the gear code, it is possible to simulate real world gears. The AGMA bending equation and the Hertzian contact equations are the basis for which engineers design gears to this day. By comparing the analytical results obtained from these equations to the numerical analysis results under the same exact configurations, the accuracy of the numerical analysis can be verified. The correlation between the values was shown to be within .46% for the bending stress and 4% for the contact stress. These values correspond very well to the analytical solutions which confirm the validity of the program.
Once the validity of the program was verified, the effects of the non-ideal loading conditions were taken into account. Because engineers specify the tolerances to within what the assembly deems acceptable, the range of these values should be investigated. As the axial separation was increased, both the bending stress and the contact pressures increased. With a 0.57% increase in the axial separation between the gear and pinion, the bending stress increased by 4.4%. Also, with a 0.57% increase in the axial separation between the gear and pinion, the contact stress increased by 17.9%. The increase in axial separation also caused the positive effects of load sharing to be decreased. The load sharing capability was reduced from three teeth to two, and a difference of 49% in the predicted bending stress was shown. This increase in bending stress is substantial and would greatly reduce the factor of safety due to the decrease of fatigue life.
From the conclusions drawn through this paper, a number of important points were developed. When an engineer uses the Hertzian contact stress equation to solve for the maximum values that he or she expects the gear to be subjected to, one must realize that the configuration of the gear plays an important role. As the gear and pinion rotate through their contact areas, the contact stress can increase by large amounts. Although these values may only exist for a short period of time, their effects on the wear of the tooth can be pronounced. This increased wear can account for the failure of a gear before its predicted life cycle. To properly engineer around this problem, the solution can take one of two forms. The type of material and hardening techniques can be improved so as to obtain a better resistance to wear. However, an increased production cost of the gear may come with this type of solution. Another solution would be to increase the size and thicknesses of the gears being used. This would lead to more material and a heavier final product.
In addition to the increase in contact stress, the effects of non-ideal loading conditions cannot be ignored. The tolerance stack up will yield end products that have discrepancies in their axial separation on the same level that was presented in this paper. A tool which can accurately and quickly determine how these non-ideal conditions affect the wear of the tooth will be a very useful commodity. By understanding the processes that occur under these conditions, a better and more thorough design of the spur gear can be obtained.
